The aim of this expository paper is to give a survey of the results on chromatically unique graphs obtained by studying their adjoint polynomials.
Definition and basic properties of adjoint polynomials
If Go is a spanning subgraph of G and every component of Go is complete, then Go is called an ideal subgraph of G.
For a given graph G, let N(G, k) be the number of ideal subgraphs with k components. It can be shown by using Theorem 15 in [26] that p P(G, 2) = Z N(G, i)(2)i, Remark. Using the term special subgraphs, Frucht gave expression (1) in [29] .
Definition 1. The polynomial P h(G,x) = y~ N(G,i)x i i=1 is called the adjoint polynomial of the graph G, where p --I V(G)[. (2) A graph G is adjointly unique if h(H,x) = h(G,x) implies that H is isomorphic to G. It is obvious that a graph G is adjointly unique if and only if G is chromatically unique.
For convenience, let bi(G) = N(G, p -i), i --0, 1,2 ..... p -1, and we write h(G,x) in the following form :
Remark. The a-polynomial of a graph G can be written as follows [8] :
where k = p -z(G), p = IV(G)I, z(G) is the chromatic number of G, and ai is the number of ways of partitioning V(G) into p-i disjoint independent sets. It is easy to show that
Now we give some fundamental properties of adjoint polynomials.
Theorem 1 (Liu [11] ). If G has k components G1,G2 .....
Gk, then h(G,x) = h(Gl,x)h(G2,x). . . h(Gk,X).

Theorem 2 (Liu [14]). If uv E E(G), and if uv does not belon9 to any trian#le in G, then h(G,x) = h(G -uv, x) + xh(G -{u,v},x).
For a graph G, let p(G),q(G),A(G) and (dl,d2 ..... dp) denote, respectively, the order, size, number of triangles and degree sequence of G.
Theorem 3 (Liu [11, 15] ). For any oraph G, we have 
), a tree of T-shape with bl + 1 vertices, where bl = hi(G).
A matching of a graph G is a spanning subgraph of G in which every component is either K1 or K2, and a k-matching is a matching containing k edges. By the definition of ideal subgraph, we can easily get the following result.
Theorem 6. If G is K3-free, then hi(G) is equal to the number of i-matchinos of G.
Theorem 6 gives a link between the adjoint polynomial of a K3-free graph and its matching polynomial [5] and characteristic polynomial [1] .
Theorem 7 (Liu [12, 19] ).
(
Now, let h(G) stand for h(G,x), By Theorem 1 and Theorem 2, we have the following results.
Theorem 8 [20] .
(1)
(m >~2,n ~>2);
(m>~2,n>~5);
Theorem 9 (Liu [18]). If n>~2, then h(Pn)lh(Pm) if and only if (n + 1)[(m + 1).
Definition 2. The character of a graph G, denoted by R(G), is defined as follows:
By multiplication of polynomials, the following theorem is easy to be verified. Remark. From equality (4), we see that the results on a-polynomial (e.g. [9, 10, 4, 27] ) can be expressed in terms of adjoint polynomials, and vice versa.
It is obvious that if h(H,x) = h(G,x), then R(H) = R(G)
.
Some new families of chromatically unique graphs
Definition 3. For any graph G, we write h(G,x) in the form:
where hl(G,x) is a polynomial with a nonzero constant term. If hl(G,x) is an irreducible polynomial over the rational number field, then G is called an irreducible graph.
By applying the unique factorization theorem of polynomials over the rational number field and using the fundamental properties of adjoint polynomials, some new families of adjointly unique graphs have been found. And thus, we have obtained some new families of chromatically unique graphs.
Theorem 11 (Liu [15] and Liu and Li [24] 
Theorem 12 (Liu [18]). If q > 5 is a prime number, then Pq-I is adjointly unique.
Conjecture 1. For each even number n,n # 4,Pn is adjointly unique.
Theorem 13 (Liu [20]). lf ni>>.5 and C~ i is irreducible for i = 1,2 ..... k, then C~, U C~: U... U Cnk is adjointly unique.
By applying the theory of the matching polynomials [6] Let T (11, 12, 13) denote the tree of T-shape in which the lengths of the three paths from the only vertex of degree 3 to the three vertices of degree 1 are ll, 12, 13, respectively.
Theorem 20 (Liu [21] 
Irreducible graphs
As seen in the results above, the adjoint uniqueness of a graph bears a close relation to its irreducibility. By employing algebraic methods to study the irreducibility of various classes of graphs, we have obtained the following results.
Theorem 21 (Liu and Li [24] 
Conjecture 2. Let m >i 4. Pm is irreducible if and only if m + 1 is a prime number.
Theorem 23 (Liu [20] It is known so far that T (11, 12, 13 ) is irreducible when (11, 12, 13 ) is one of the following:
(1,3,4), (1, 3, 5) , (1, 4, 6) , (1, 3, 8) , (1, 5, 6) , (1, 4, 8) , (1, 3, 10) , (1, 6, 7) , (1, 5, 9) , (1, 6, 8) , (1, 4, 11) , (1, 5, 10) , (1, 7, 8) , (1, 3, 13) , (1, 4, 12) , (1, 7, 9) , (2, 6, 9) , (3, 4, 10) , (3, 5, 9) , (2, 3, 4) , (2, 3, 6) , (2, 4, 6) , (3, 4, 5) , (2, 4, 7) , (2, 3, 9) , (3, 5, 6) , (2, 3, 10) , (2, 6, 7) , (3, 3, 9) , (3, 4, 8) , (4, 5, 6) , (4,5,7).
Conjecture 4. There exists an infinite number of irreducible trees of T-shape.
An important basis for the proofs of Theorems 21, 24 and 25 is that the conceming adjoint polynomials have only real roots. Thus, we have Problem 5. What kinds of graphs have adjoint polynomials which have only real roots?
